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Abstract
In this paperwe presentan approximatemethodfor accelerated
computationof the �nal gatheringstepin a global illumination al-
gorithm. Our methodoperatesby decomposingthe radiance�eld
closeto surfacesinto separatefar- andnear-�eld componentsthat
canbe approximatedindividually. By computingsurfaceshading
usingtheseapproximations,insteadof directly queryingtheglobal
illumination solution,we have beenableto obtainrenderingtime
speedupson the orderof 10� comparedto previous acceleration
methods.Our approximationschemesrely mainly on theassump-
tions that radiancedue to distantobjectswill exhibit low spatial
andangularvariation,andthat thevisibility betweena surfaceand
nearbysurfacescan be reasonablypredictedby simple location-
andorientation-basedheuristics.Motivatedby theseassumptions,
our far-�eld schemeusesscattered-datainterpolationwith spheri-
cal harmonicsto representspatialand angularvariation, and our
near-�eld schemeemploysanaggressively simplevisibility heuris-
tic. For our testscenes,theerrorsintroducedwhenourassumptions
fail donot resultin visuallyobjectionableartifactsor easilynotice-
abledeviation from a ground-truthsolution. We alsodiscusshow
ournear-�eld approximationcanbeusedwith standardlocalillumi-
nationalgorithmsto producesigni�cantly improvedimagesatonly
negligible additionalcost.

Keywords: Final gather, approximateglobalillumination,spheri-
cal harmonics.

CR Categories: I.3.3 [COMPUTERGRAPHICS]:Picture/ Im-
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1 Intr oduction
Currentrenderingtechniquescanproducehighly compelling,beau-
tiful imagesthatrealisticallycapturea varietyof interestingeffects
suchascolor bleedingbetweennearbysurfacesor indirect shad-
owsdueto strongre�ectedillumination. Capturingtheseeffectsre-
quirescomputinghow light propagatesandre�ectswithin thescene
environment,andthetermglobalillumination refersto theclassof
algorithmsthatperformthesecomputations.

Unfortunately, computingaglobalilluminationsolutionis afun-
damentallydif�cult task, requiringsolutionsto integral equations
thatrecursively expresstheradianceleaving asurfaceasa function
of theradianceleaving othersurfaces.Thealgorithmsavailablefor

Figure1: An imagerenderedwith our algorithm. Notice the fast
changein global illumination nearsurfacerelief. This imagetakes
about5 minutesto render(from endto end)onadesktopPC.

computingthesesolutionsmusteitherdiscretizethe environment
or employ someform of stochasticsampling.However, producing
solutionsfreeof objectionablediscretizationartifactsandsampling
noiseoftendemandsimpracticallylargecomputationtimesand/or
storagespace.

A widely adoptedtechnique,called �nal gathering, approxi-
matesa high quality global illumination solution by combining
a relatively coarseglobal illumination solution with high resolu-
tion samplingof selectsurfaces.First, a standardglobal illumina-
tion method,suchasphotonmapping,is usedto computea rough
solution. Afterward, an image is generatedusing Monte Carlo
techniquesto integrateindirect irradiancefrom theroughsolution.
MonteCarlo integrationis performedonly for surfacesthataredi-
rectly visible, or clearlyre�ected. Theresultcapturesillumination
featuresof theglobalsolution,but becausediffuseandglossysur-
facesblur re�ections, objectionableartifactspresentin the rough
solutiondo not appearin the�nal image.Although�nal gathering
providesa large overall improvementin total renderingtime (for
anequalquality result),onetypically �nds thatthecostof the�nal
gatherdominatesthecostof computingthecoarseglobalillumina-
tion solution.As a result,improving thespeedof the�nal gatheris
aneffectivewayof reducingoverall renderingtime.

Onesuchapproachis irradiancecaching,which takesadvantage
of thesmoothingpropertyof diffusesurfacesby cachingthevalue
of the irradianceintegral at pointson surfaces.Thecachedvalues
are then re-usedfor nearbypointsusingscattereddatainterpola-
tion. Details,suchasprecisesamplingregimeandtheinterpolation
schemevary from implementationto implementation.

However, irradiancecachesare not ef�cient aroundgeometric
detailbecausethey mustmaintainadensersetof samplestoaccount
for thepotentiallyrapidly changingirradiance.Onecanarbitrarily
limit thesampledensity, but doingsooftenobliteratesperceptually



importantlighting variationsthatrevealsurfacedetailandgeomet-
ric texture.

In thispaperweproposeanapproximatemethodfor accelerated
�nal gatheringthat splits the irradianceintegral into separatefar-
andnear-�eld componentsthatcanthenbeapproximatedindividu-
ally. As thenamesuggests,thefar-�eld termaccountsfor thepower
coming from distantsurfaces,while the near-�eld term accounts
for there�ectionsandocclusionsdueto nearbygeometry. Our ap-
proximationschemesrely mainly on theassumptionsthatradiance
dueto distantobjectswill exhibit low spatialandangularvariation,
and that the visibility betweena surfaceandnearbysurfacescan
be reasonablypredictedby simplelocation-andorientation-based
heuristics. Motivatedby theseassumptions,our far-�eld scheme
usesscattered-datainterpolationwith sphericalharmonicsto rep-
resentspatialandangularvariation,andour near-�eld schemeem-
ploys anaggressively simplevisibility heuristic. Theassumptions
underlyingour far �eld schemearesimilar to thosewhichmotivate
irradiancecaching,except we cacheradiance,rather than irradi-
ance.Sinceonly the radiancedueto distantobjectsis cachedour
requiredsamplingdensityis not impactedby localgeometry.

Usingthisdecomposition,weareableto approximate�nal gath-
eringin complex scenesdisplayinga varietyof globalillumination
effects(seeFigure1). Ourtestsshow thatthemethodusesfarfewer
visibility queries(ray traces)andachievesan orderof magnitude
speedupon averagecomparedto irradiancecaching. For our test
scenes,theerrorsintroducedat locationswheretheunderlyingas-
sumptionsfail do not result in visually objectionableartifactsor
easilynoticeabledeviation from aground-truthsolution.

We alsodiscusshow our near-�eld approximationcanbe used
with standardlocal illuminationalgorithmsto producesigni�cantly
improved imagesat only negligible additional cost. This local
enhancementshouldbe particularlyuseful in productionenviron-
mentswhere artists often employ unrealistic light placementto
achieve a desiredlook. Like ambientocclusionshading,our local
enhancementgreatlyenhancestherealisticappearanceof anobject
but it is signi�cantly cheaperto compute.

2 Related Work
Global illumination hasbeenone of the most heavily researched
branchesof computergraphics. A thoroughreview of available
methodscannotbe presentedhere,but [Sillion and Puech1994]
and[Dutré et al. 2003] provide a goodoverview of �nite element
andMonteCarlobasedglobalilluminationtechniques.Weusepho-
ton mapping[Jensen2001],to generatetheglobal illumination so-
lutionsusedwith our �nal gatheringalgorithm.

Originally, �nal gatheringwasdevelopedfor usewith radiosity
methodsto obtainvisually pleasingresultsfrom blocky piecewise-
constantsolutions.[Lischinski et al. 1993] introducedan object
spacere�nement methodfor increasingthe visual quality of the
solutionof a hierarchicalradiositystep.[Rushmeier1988],[Rush-
meieret al. 1993]usea coarsegeometricmodelfor a radiosityso-
lution which is queriedby a Monte Carlo algorithmto createthe
�nal picture.[ZimmermanandShirley 1995]decreasethevariance
causedby MonteCarlo integrationby re-classifyingbright re�ect-
ing surfacesin acoarseradiositysolutionaslight sourcesto ensure
that thosesurfacesaresampled.[Scheelet al. 2001]demonstrated
thata�nal gathercouldbeacceleratedby usingthelink information
from a prior radiosity stepto identify importantsenders.[Scheel
etal. 2002]alsousesthelink informationto �nd thesenderswhose
powercontributioncanbeinterpolated.A similarideahasalsobeen
exploredby [Bekaertet al. 1998]whereperpixel �nal gatherwas
obtainedusing a Monte Carlo integrationschemewhich usesra-
diosity solution for importancesampling. All of thesemethods
generatea visually pleasingresult from a coarseglobal illumina-
tion solution.However, they still resultin anexpensive �nal gather
stepthat must computeexpensive irradiancefor eachpixel in an
image.

In an in�uential paper, [Ward et al. 1988] introducedthe con-
ceptof performingvery accurate�nal gatheron surfacesonly at
scatteredpointsandtheninterpolatingthosevalues.Known asir-
radiancecaching,their methodadaptsthe samplelocationsbased
onhow quickly thesampled�nal gatherresultchanges.A laterpa-
per[WardandHeckbert1992]re�ned thealgorithmto decreasethe
discontinuitiesdueto theinsertionof new sampleswhile rendering.

Insteadof cachingirradiance,our far-�eld approximationcaches
incidentradiance.Our near-�eld correctionthenadjuststheirradi-
anceintegral obtainedfrom thecachedrepresentationby explicitly
accountingfor nearbygeometry. This will allows us to cachethe
incidentradianceat a relatively smallnumberof locationsandstill
approximatethe high-frequency detail in indirect illumination. A
similar ideafor extendingirradiancecachesby cachingtheincident
radiancehasbeenexploredby [Kri vaneket al. 2005]. However,
their methodaimsat handlingglossysurfaceswhereasour method
attacksoversampling.[TabellionandLamorlette2004]presentsan
improvementover irradiancecaches,but they must also sample
moredenselyaroundgeometricdetail andtheir limit on the sam-
pling densitycan lead to smoothedinterpolation. Similar to our
work, [Greger et al. 1998] storesincident radiancein space,but
their methodsuffers from thesamedensesamplingproblemof ir-
radiancecaches.

The behavior of diffuse surfacesin close proximity to other
surfaces(suchascorners)hasbeenexplored in [Rathsfeld1999]
and[Atkinson 2000]. Their resultscon�rm the existenceof high-
frequency change,or light re�exes,aroundcorners.

Thequality of the resultsfrom many of themethodsabove can
be explainedby researchon the relationshipbetweenthe appear-
anceof diffusesurfacesand incident illumination. [Epsteinet al.
1995]and[Basri andJacobs2000]showed that thecolor of a dif-
fusesurfacewasafunctionof thelow dimensionalrepresentationof
theincidentillumination.[RamamoorthiandHanrahan2001b]used
low ordersphericalharmonics,anddemonstratedharmonicsto bea
goodandcompactrepresentation.[Gautronet al. 2004]extendthe
ideaontohemisphericalbasisfunctionswhichprovideamoreaccu-
raterepresentationfor functionsde�ned onhemispheres.Spherical
harmonicshave alsobeensuccessfullyusedin [Ramamoorthiand
Hanrahan2001a]to representenvironmentmapsfor diffuse sur-
faces.This ideahasbeenexpandedin [Sloanet al. 2002]with the
introductionof transferfunctionsto take self occlusionsor inter-
re�ections into account.However suchmethodsrequireexpensive
precomputationto obtainthetransferfunctions.

3 Overview
The �nal gatherin a renderingprocesscomputesshadingfor the
surfacesthat areeitherdirectly visible, or visible by a mirror-like
re�ection. Presumingthat theBRDF of thesesurfacescanbesep-
aratedinto diffuseandspecularcomponents,we observe that the
directionaldependenceof the specularcomponentmakes it well
suitedfor fastcomputationusingstandardsamplingmethodswhile,
in contrast,computingthe diffuse re�ection by samplingcan be
quitecostly. Accordingly, our methodfor accelerating�nal gather-
ing focuseson speedingup this bottleneckby replacingthecostly
irradianceintegral usedfor computingdiffuseillumination with a
fastapproximation.

Let P bea point on somesurfacewe wish to shade,with normal
vectorN. TheincomingradianceatP from adirectionw is L(P;w).
If wede�ne r asthediffusere�ectivity (albedo)of thesurface,the
diffuselyre�ectedlight, or radiosity, is de�ned asfollows:

B =
r
p

Z

W
(N � w) L(P;w)dw (1)

The integral in this equationcomputesthe power that P receives
andis calledirr adiance.

The de�nition of irradianceis implicitly recursive: Finding the
incomingradianceL(P;w) involvescomputingthe irradianceinte-
gral at the sourceof the radiance.Onecouldperformthe compu-



Figure2: The leftmostimageshows the locationsof the irradiancecachesamplesaswhite dots. Thesamplesareconcentratedaroundthe
cornersto accuratelycapturetheswift changein illumination. Thecenter-left imageshows thelocationsof our sphericalharmonicsamples.
Sincethehigh-frequency changesin diffusebrightnessaroundcornersarecapturedexplicitly by ourcorrectiontermIN, we requirefar fewer
samples.The imageon the center-right shows the samplepointsremoved to show the �nal imagecomputedusingour technique,andthe
rightmostimageshows thegroundtruth,which is obtainedby estimatingtheirradianceintegral (equation1) usingMonteCarlotechniques.

tation using path integration (Monte Carlo variants)or discretize
the sceneandconvert the probleminto a linear system(radiosity
variants,not to be confusedwith the term for diffusely re�ected
light). However, thesemethodsareoften too expensive to obtain
highquality solutionsby themselves.

As we have discussed,the commonpracticeof �nal gathering
usesa MonteCarlotechniqueto computetheirradianceintegral at
visible surfaces,but it avoids costly recursionby usinga precom-
putedcoarseglobal illumination solution as a proxy for L(P;w).
This practiceis calledFinal Gathering,becauseit “gathers”from
thecoarseglobalilluminationsolution.

Final gatheringis expensive becauseit involvesshootingmany
sampleraysfor eachpoint to beshaded.Althoughcomputingthe
irradianceintegral is expensive, it canoftenbere-used:if thevalue
of the integral is not changingvery rapidly on a surface, it can
becomputedsparsely, andbe interpolatedusingscattereddatain-
terpolationtechniques. This techniqueis often called irradiance
caching[Wardetal. 1988;WardandHeckbert1992].

As a point movesacrossa surface,far away surfacesmove less
on the incidenthemisphereof thepoint thannearbysurfaces(par-
allax effect). This meanstheirradianceintegral in Equation1 does
not changevery rapidly (as P moves on a surface) if the source
of the incoming radianceL(P;w) is far away. Similarly, if there
areothersurfacesnearby, then thesesurfacescan re�ect andob-
structlight andcreaterapidchangesin the irradianceintegral. For
this reason,irradiancecachingmethodsareforcedto form spatially
densecachesin regionsof geometricdetail(asshown in Figure2.).
Even a phenomenonas familiar as a cornerattractsmany cache
samplesto capturepotentialchangesin theirradiance.

Let usdesignateall thevisiblepointsthatarefartherfrom P than
adistancethresholda asdistant, andall otherpointsasnearby. The
incidenthemisphereWover P canthenbepartitionedinto WD and
WN (W= WD [ WN) accordingto whethera distantor nearpoint
projectsonto a given portion of the hemisphere.Given this dis-
tinction, we cansplit the irradianceintegral into two components:
Powercomingfrom distantsurfacesandpowercomingfrom nearby
surfaces.Power comingfrom distantsurfacescanbehandledeas-
ily, becauseit doesnot changerapidly on surfaces.Power coming
from nearbysurfacescanalsobe handledeasily, becauseit is by
de�nition, a local computation.Formally, wewrite:

B =
r
p

Z

WD

(N � w)LD(P;w)dw

+
r
p

Z

WN

(N � w)LN(P;w)dw (2)

Herewe denotethe incident radiancefrom distantpointswith
LD andfrom nearbypointswith LN. In practice,it is dif�cult to

determineWD directly. However �nding WN is relatively straight-
forward by looking at the nearbyscenetrianglesand �nding the
solid anglethey subtend.Thesepropertiessuggestthat we de�ne
L?

D — anextensionof LD from WD to Wby ignoringany occlusions
dueto nearbysurfaces.Now L?

D = LD onWD sowecanrewrite the
integral aboveasfollows:

B =
r
p

Z

W
(N � w)L?

D(P;w)dw

+
r
p

Z

WN

(N � w)[LN(P;w) � L?
D(P;w)]dw

=
r
p

(ID + IN) (3)

In equation3, theID canbethoughtastheirradiancedueto dis-
tant surfaces(distant term) andIN canbe thoughtasa correction
termthataccountsfor thepower beingre�ectedor beingoccluded
dueto nearbysurfaces(near term). Sections4 and5 will explain
how thesetermsrespectively canbeapproximatedef�ciently . Sec-
tion 7 will discusstheeffectof theparametera whichdistinguishes
distantfrom nearbysurfaces.

4 Distant Term
The distant illumination ID =

R
W(N � w)L?

D(P;w)dw does not
changerapidly over surfaces.We couldcacheID sparselyanduse
scattereddatainterpolationtechniques,anapproachthatwould be
similarto irradiancecachingbutwith thedifferenceof separatingir-
radiancedueto farandnearsurfaces.However, ratherthancaching
thevalueof ID (irradiance),we cachea compactrepresentationof
L?

D (radiance).CachingL?
D insteadof ID will allow us to compute

thesecondtermof thecorrectiontermwhich subtractstheportion
of ID thatcorrespondsto distantsurfacesobscuredby nearbyones.
It also facilitatesusingbump or displacementsmapswhererapid
variationin the surfacenormalcausesrapid changesin ID but not
L?

D. [Kri vaneket al. 2005] demonstratesadditionaladvantagesof
storingtheincidentradianceanddescribeshow theinformationcan
beusedto ef�ciently handleglossysurfaces.

L?
D is a function of positionanddirection: It givesus the inci-

dentdistantradiancefrom a givendirectionarriving at a givenpo-
sition. Sphericalharmonicsprovide a nice representationfor such
functionsde�ned over a sphere.As demonstratedby [Ramamoor-
thi andHanrahan2001b], for the diffusecomponentof a BRDF,
only 9 coef�cients provideasuf�cient representationof theincom-
ing radiance,and so we usethese9 coef�cients for representing
L?

D at a �x ed point. Given a querypoint, the distantincident ra-
dianceis obtainedby interpolatingsphericalharmoniccoef�cients
from nearbysamples.Notethatour querypointswill bepointson



(a) (b) (c)
Figure3: (a)Constructingsphericalharmonicsamplesby shootingraysfrom asinglelocationcanundersamplecertaindirections.Sincewe
only considersourcesof incidentradiancethatarefartherawayfrom thesamplepoint thana , asamplecomputedat theredpointwouldonly
havesamplescomingfrom averynarrow rangeof directions.Thebluesamplealsohasasimilarproblembecauseit doesnotcontainany rays
shootingtowardstheright. (b) To avoid this situation,we spreadtheorigin of our raysontosurfaces.We still considertheintersectionsthat
arefar enoughaway. But whenwe computetheharmoniccoef�cients, we assumeall theraysoriginatefrom thegeometricalaverageof the
originsof therays.(c) Thiswaywhenwecomputetheharmonicsamplefor theredpointwedonotsuffer from theundersamplingproblems.

surfaceswherewewishto performashadingcalculation,but thelo-
cationswherewecacheL?

D maybearbitrarypointsin space,though
presumablythey will benearsurfaceswe wish to shade.Because
sphericalharmonicsprovide an orthonormalbasis,ID canbe ef�-
ciently evaluatedusinga dot productof harmoniccoef�cients for
max(N � w;0) andL?

D(P;w).
We computethe projectionof L?

D onto the harmonicbasisus-
ing a sampling�t procedure.The incidenthemisphereW of P is
randomlysampledand incoming radianceat thesesamplepoints
areobtainedby ray-castqueriesinto thecoarseglobalillumination
solution. Rayswhoseintersectionsarecloserto P thana aredis-
carded.Thesphericalharmoniccoef�cients approximatingL?

D are
computedby a least-squares�t to theseincidentradiancesamples.

4.1 Sampling
Irradiancecachingalgorithmstypically cacheirradiancevaluesat
speci�c pointsonthevisiblesurfaces.Thecorrespondingapproach
would befor usto selecta setof surfacepoints,sampletheincom-
ing radianceoverahemispherecenteredateachof thosepoints,and
thenstorethe resultingharmoniccoef�cients at eachpoint. How-
ever, we have noticedthatdoingsocancreateugly biasartifactsif
our implicit assumptionsaboutthesmoothnessof distantillumina-
tion fails. Insteadwe opt for a procedurethatwill producea more
benignsmoothedsolution.

We start with the set of all shadingpoints that will needthe
global illumination computation1. We thenattemptto �t a spheri-
cal harmonicto theincomingradiancefor thesepointsby shooting
raysfrom randompointsin thissetin randomdirections(in theinci-
denthemisphereof theselectedpoints).A singleharmonicsample
is not good enoughto representthe incoming distantradianceif
any of theserays intersectsa surfacewithin the boundingsphere
of thesamples.If this is thecase,we split (usingk-means)theset
of shadingpoints into two, andattemptto �t harmonicsfor each
of the subsetsrecursively. A set is not split if the diameterof the
boundingspherefor theshadingpointsin thesetis lessthana , or if
theraysdonot intersectothersurfaceswithin theboundingsphere.
This methodensuresthat theharmonicssampleswill not becloser
to eachother thana andthat the placeswithout geometricdetail
will not createlots of harmonicsamples.Spawning raysfrom ran-
domshadingpointscorrespondsto spreadingtheoriginsof therays
usedto computethe harmonicsonto the surfaces.(SeeFigure3.)
The numberof raysthat we useto computea harmonicsampleis
roughlyequivalentto thenumberof raysthatirradiancecachesuse
to computea sample.In practice,we use512raysperharmonicin
all of our examples. Oncea harmonicsampleis computedusing
leastsquares�t to the incidentradiancescomingalongtheserays,
it is storedat thegeometriccenterof theshadingpointsin theset.
For eachsample,wealsostoretheradiusof theboundingsphereof

1If renderinga 640 by 480 imagewith onesampleper pixel, we have
640� 480= 307200shadingpoints.

theshadingpointsfor whichthesamplewascollected.Thesamples
areinterpolatedusingscattereddatainterpolation,similar to irradi-
ancecaches:For aquerypoint,we locateall theharmonicsamples
that are nearthe query point and perform a normalizeddistance
weightedsumof theharmoniccoef�cients.

5 Near Term
While distant illumination generallyexhibits slow variation over
surfaces,theillumination arriving from, andoccludedby, nearsur-
facescanvary relatively rapidly. In fact,asillustratedby Figure7,
lighting variationinducedby nearsurfacesoftenprovidesmany of
the cuesthat reveal the geometricstructureof an object. As a re-
sult, the smoothness-dependentinterpolationmethodwe usedfor
distanttermscannotwork well for estimatingthe irradiancefrom
nearsurfaces.

Insteadwe computean approximationof IN directly at each
shadingpoint. By de�nition, this computationis local and only
involvessurfaceswithin distancea . However, even limited to this
small neighborhood,we have found the requiredvisibility teststo
beexpensive. Soratherthanactuallycomputingthevisibility terms
we make useof a fast,aggressive heuristicthatapproximatesvisi-
bility basedon therelative locationandorientationof thesurfaces.

First we rewrite the nearbycorrectionterm of equation3 asa
sumoverall nearbytriangles:

IN � å
t2T

FF(t)[B(t)=p � L?
D(P;wt )] (4)

In this equationT is thesetof triangleswhosecentroidsarecloser
to theshadingpoint thana . We �nd suchtrianglesusinganoctree
decompositionof thescene.wt is thedirectiontowardsthecentroid
of thetriangle,FF(t) andB(t) respectively standfor theform factor
of thetrianglet to P andits radiosity, which we assumeis constant
over thetriangle.

To avoid problemscausedby largetrianglesthathavesigni�cant
portionswithin andwithout a distancea , triangleslarger thana
aresplit into smallerones.Splitting trianglesalsojusti�es treating
the radiosityasconstantover a triangle,asdoesthe fact that we
arereferringto radiosityfrom thecoarseglobal illumination solu-
tion. A third bene�t of splitting trianglesis thatit preventsshading
discontinuitiesthat would be generatedif a large triangle's center
movedfrom insidea to outsidea aswemovedasmalldistanceon
therenderedsurface.For thescenesthatwe rendered,this process
did notmorethantriple thenumberof scenetriangles,becausethis
splittingonly attacksthebig scenetriangles.

Ourvisibility heuristicdiscardsany trianglesthatareeitherback-
facing to the shadingpoint, P, or that are completelybelow the
planepassingthroughP with normalN as thosetrianglescannot
provide direct illumination to P. We thenassumethat all othertri-
angleswithin distancea arevisiblefromP. Althoughonecaneas-
ily comeup with examplegeometrieswherethis aggressive, gross



Figure5: This scenedemonstratesa deformedfractal in a Cornell
box. Theimageontheleft is thegroundtruthobtainedusingMonte
Carlo integration. Theimageon theright is theresultof our algo-
rithm. Thefractalviolatesourvisibility assumption,becauseit con-
tainsmany smalltrianglesthatre�ect/occludepower from faraway
surfaces.Even in this contrivedscenario,theerrorsintroducedby
ouralgorithmarenot toodistracting.

approximationwould be wrong, we have found that it works sur-
prisingly well in practice.Later, in section7, we will discussthis
approximationfurther.

RecallthatL?
D(P;wt ) is theapproximationof incomingradiance

from directionwt dueto distantsourcescomputedusingourspher-
ical harmonic-basedinterpolation. We also treat this quantity as
constantover directionsspannedby oneof the split triangles,and
justify theapproximationwith LD's smoothnessandthesmallsize
of thesplit triangles.

The remainingquantitythatmustbecomputedis the form fac-
tor betweenP and a triangle, FF(t). It is this computationthat
would normally involve visibility information. Standardmethods
would renderthetrianglesontoahemi-cubeor determinevisibility
by sampling.While wecouldeasilyuseoneof thesemethodsin our
form factorcomputation,doingsowouldreducethespeedimprove-
mentof our algorithmover irradiancecaching.Instead,we assume
that the trianglesselectedby our heuristicareall completelyvisi-
ble,andcomputeform factorsusingtheanalyticalpolygonto point
form factorformulagivenby [Hottel andSaforim1967].

6 The Whole Algorithm
Oncea coarseglobal illumination passhasbeencompleted,our
algorithmconstructsthe imagein two passes.In pass1, we com-
putethesphericalharmonicscapturingtheincidentradiancedueto
distantsurfaces.Becausethesphericalharmonicsamplesrepresent
only thedistantilluminationandareusedfor thediffusecomponent
of the BRDF, they canbe scatteredsparsely. The near-far thresh-
old a determinestheminimumspacingbetweenthesesamples.In
pass1, wealsocomputetheaverageradiosityvalueoverall visible
trianglesandsplit themif necessary.

In pass2, for every point we needto shade,we �rst interpolate
thesphericalharmoniccoef�cients to obtainarepresentationof the
incident radiancedue to distantsurfaces(L?

D). We thencompute
thedistantterm(ID) andthenearbycorrectionterm(IN) by �nding
nearbytrianglesandcomputingthe sumin equation4. The �nal
diffusere�ectedpower is obtainedby equation3.

7 Nature of the Appr oximation
As with any approximationmethod,thefar- andnear-termapproxi-
mationsweusecanintroduceerrorinto therenderedimage.For the
interpolationmethodwe usefor distantillumination, thepotential
dif�culty is that it maysmoothover andobscuresomeperceptible
illumination feature.For our simplevisibility heuristic,we expect
thatit maybewrongandtreatanoccludedtriangleasvisible.

Thepotentialproblemsdueto ourradianceinterpolationaregen-
erally similarasthosethatmayoccurfor irradiancecaching.How-

ever, wegainsomeadvantagesby interpolatingradianceratherthan
irradiance.In particular, irradiancechangesdueto variationin sur-
faceorientationwill not causeproblemfor interpolatingradiance.

Radianceinterpolationcanstill encounterdif�culties for sharp
changesin indirect illumination causedby a distantoccluder. In
practicethis happensrarely asmost indirect illumination sources
tend to appearasareasourcesandso createsoft shadows. Nev-
ertheless,when the situationdoesarise,our samplingprocedure
shouldtend to clustersamplesnearthe illumination boundaryto
helpresolve it.

Our simplistic near-�eld visibility heuristicwill certainly pro-
duceerrors,andon �rst considerationonemaybesurprisedthat it
works at all. In fact, we originally experimentedwith fastmeth-
odsto actuallycomputelocalvisibility correctly, andif desiredone
couldstill usesuchamethodin conjunctionwith our incidentradi-
anceinterpolation.However, wehave foundthatfor generalscenes
our muchcheaperheuristicresultsin signi�cant computationsav-
ing with little perceptibleerror.

Onepossibleexplanationfor why it workswell in practicecomes
from consideringwhich situationsbreakour visibility assumption.
Themostobviousis asurfacethatis surroundedby many mutually
occludingsurfaces.Onecaneasilycontrive suchan example,but
exceptfor someparticularexamplessuchashair or treeleaves,we
believethesituationdoesnotoftenarisein real-world scenes.Addi-
tionally, mostrenderedscenescontainsigni�cantly lessgeometric
detailthantherealworld. Furthermorethecommonlyoccurringex-
amplesoftenrequiresomespecialtreatmentthatwould in any case
precludemost genericaccelerationmethods. (For example,spe-
cial shadow structuresfor hair, translucency for leaves.) We also
observe that it maybedif�cult to seesurfacesthataresurrounded
by many occluderssothatshadingerrorson thosesurfacesmaybe
somewhatexcusable.

Finally, thereareuser-tunableparametersin both the near- and
far-�eld approximationsandtheseparameterscanimpactthequal-
ity of the renderedimage. Thecriteriausedfor placinginterpola-
tion samplesandbuilding clustersaffectstheability to resolve fast
changesin distantlighting. Theparametera changesat whatscale
occlusionsare computedbut lighting smoothed,and the scaleat
which we ignoreocclusionsbut do not smoothillumination. The
effectof varyinga is illustratedin Figure4.

In Figure 6 we include a magni�ed differenceimagebetween
theour methodandthegroundtruth. Theerrorswe make arecon-
centratedaroundthe cornerswherethe nearbycorrectionterm is
approximated.Thereaderis encouragedto evaluateourresultsper-
ceptuallyagainstthegroundtruth.

In the next section,we discussthe qualitative propertiesof our
approximationanddemonstrateour results.

8 Results
To demonstrateour method,we have renderedseveral scenesand
comparedthemto groundtruth resultsobtainedby estimatingthe
irradianceintegral in equation1 usingMonteCarlotechniqueswith
a high numberof samples.We alsocomparedtheimagesrendered
usingour algorithmto irradiancecaching.Irradiancecachingvari-
antsrepresentthecurrentstateof art in approximate�nal gathering
andareavailablein many commercialrenderingpackages.

Figures1, 4, 6, 8 demonstratethequality of our approximation
in complex environments,displayingcomplex diffuse interre�ec-
tions2. Notice thathigh-frequency componentof thediffuseinter-
re�ection is preserved. For example,in these�gures, the niches
arecorrectlyshadowedby thenearbygeometry. Similarly, the re-
�ections dueto nearbygeometryarevisible in Figure6 wherethe
pillarsontheright touchthegroundandaroundthetopright corner
of theatrium.

2Thefull resolutionversionsof all our �gures areavailableonSiggraph
2005DVD.



Figure4: This �gure demonstratestheeffect of thea parameter(usedby our approximation)on quality andrenderingtime. Theleft image
is renderedwith a = 0:25 in 12 minutes.Theoverlaidthumbnailshows thelocationsof thesphericalharmoniclocationsasgreendots.The
middleimageis renderedusinga = 1 in 5 minutes.Noticethattherearefewer sampleswhich explainsthespeeddifference.Therightmost
imageis renderedwith a = 8 in 6 minutes.This imageusesevenfewer sphericalharmonicsamplesbut takeslonger. This is becausemore
trianglesareconsiderednearbydueto thebiggera andthesummationin equation4 contributesto the renderingtime. Someof theerrors
madeby our approximationalso becomevisible. For example,the undersidesof the archeson the left side are brighterbecauseof the
illumination leakingfrom thebrightly illuminatedspots.This effort is dueto thesphericalharmonicsbeingseparatedtoo far apartandnot
beingableto representtheincidentradiancefor thepointsveryaccurately.

(a) (b) (c) (d)
Figure6: (a) shows the resultof our algorithm. The overlaid thumbnailshows the locationsof sphericalharmonicsamplesasgreendots.
Theminimumdistancebetweentheharmonicsamplesis our a parameter. (b) is thegroundtruth obtainedusingMonteCarlointegrationof
the irradianceintegral. (c) shows a 4 timesmagni�ed differenceimagebetween(a) and(b). Most of theerror is concentratedaroundhigh
geometricdetail. (d) showstheresultobtainedusingirradiancecaching.Theoverlaidthumbnailshowstheirradiancecachesamplesasgreen
dots. Thecostof computinga sphericalharmonicsampleis aboutthesameasobtainingoneirradiancecachesample(thecostof thegreen
dotsin (a)and(d) is thesame).Thedifferenceimagebetween(b) and(d) canbefoundon theSiggraph2005DVD.

All our �gures havebeenrenderedonadualAthlon 2.2+system
with 2GB of main memory. Only onerenderingthreadwasused.
All �gures (excepttheCornellbox)have1280x960resolutionwith
4 samplesperpixel. Thesourcecodefor our method(andour im-
plementationof irradiancecaching)is availableasapartof anopen
sourcerendererPixie .3

Figure6 wasrenderedin 0:08(photonmapping)+ 1:24(1st pass)
+ 1:18(2nd pass)= 2:50(mm:ss)usingourmethodandin 37:04us-
ing irradiancecaching.This �gure alsocomparesour resultagainst
thegroundtruth. Thesameatriummodelin Figure8 wasrendered
in 10:01(0:46+ 2:17+ 6:58)usingour methodandin 56:25using
irradiancecaching.Thetimeit takesto renderthissceneusingonly
direct illumination is 8 minutes. The cathedralscenein Figure4
wasrenderedin 5:51 (2:02 + 2:22 + 1:31) usingour methodand
in 66:55usingirradiancecaching. The night time versionof this
scenein Figure1 wasrenderedin 7:41(0:16+ 2:13+ 5:12)using
ourmethodandin 70:14usingirradiancecaching.

Becauseoursphericalharmonicsamplesareseparatedby atleast
a , we collect fewer samplesthanirradiancecaching.Thenumber
of raysshotto computeonesphericalharmonicsampleis thesame
asthe numberof raysthat we useto computean irradiancecache
sample.Thusthework of computinga sphericalharmonicsample
is equivalentto work donefor eachirradiancecachesample.Fewer
samplestranslateto fewer raystracedandquicker results.On av-
erageour methodis an orderof magnitudefasterthan irradiance

3http://pixie.sourceforge.net

cachingwhile providing thesamequality images.
Our methodcomputesthe diffusely re�ected power. This does

not meanit is limited to diffusesurfaceshowever. Most BRDFs
canbe split into diffuseandspecularlobesto capturere�ections
andrefractions.The usuallynarrow specularlobescanbe impor-
tancesampledef�ciently . The dif�cult termsto computeare the
diffuseandvery glossy(wide) specularlobes.Our methodattacks
the commondiffusecomponentof BRDF. We believe that by in-
creasingthe orderof our sphericalharmonics,the glossyspecular
surfacescanalsobehandledusingourmethodasin [Kri vaneketal.
2005].

9 Detail Enhancement
The nearbycorrectionterm itself is responsiblefor capturingthe
high-frequency re�ection / refractioneffects due to nearbyscene
geometry. Thelocaleffectcanbeaddedwithoutglobalillumination
to enhancethevisualdetail in a scene.Theleft portionof Figure7
showsa renderingof astatueonanin�nite redplane.Thissceneis
illuminatedby a white spotlightanda reddishbouncelight, placed
underneaththeplane.Theright imagein Figure7hasourcorrection
termadded.For every shadingpoint,we usetheillumination from
thebouncelight asL?

D andcomputethenear-�eld correctionterm.
We alsosetthe radiosityof the trianglesto zero. This essentially
is usedto approximatethe portion of the power comingfrom the
bouncelight (which is itself notphysicallycorrect)thatis occluded
bynearbytriangles.Tocomputethisimage,noraysweretracedand
theoverheadof addingthenearbycorrectiontermwas20 seconds



Figure7: Our methodcanalsobeusedwithoutglobalillumination
computations.On theleft, thestatueis illuminatedwith a spotlight
from the top anda bouncelight to simulatethe light re�ecting off
the �oor . The bouncelight is a red point light sourcewithout a
falloff placedunderneaththe �oor . To computethe right image,
wesubstitutedthelight contribution from thebouncelight asL?

D in
equation4. ThecomputedIN is thenaddedon thediffusecolor of
theobjectcomputedusingthemainlight andthebouncelight.

(less than 10% of the total renderingtime). This techniquecan
easilybeusedin a traditionalpipelinewhereglobal illumination is
often approximatedusingmany physically incorrectlight sources
in orderto enhancethe surfacerelief andsimulateocclusionsdue
to nearbygeometry.
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